Teleportation-Induced Correlated Quantum Channels 
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Quantum teleportation of a n-qubit state performed using as entangled resource a general bipartite 
state of 2n qubits instead of n Bell states is equivalent to a correlated Pauli channel. This provides a 
new characterization of such channels in terms of many-body correlation functions of the teleporting 
media. Our model is then generalized to the Continuous Variable case. We show that this new 
representation provides a relatively simple method for determining whether a correlated quantum 
channel is able to reliably convey quantum messages by studying the entanglement properties of the 
teleportation mediating system. 

PACS numbers: 03.67.-a, 03.67.Hk 



Starting from the seminal works of Ref. [l[ an increas- 
ing attention has been devoted to the study of the so 
called memory or, more precisely, Correlated Quantum 
(CQ) communication channels both at theoretical 0,(1, Si 
and experimental level [3| . Differently from the standard 
memoryless configurations, a CQ channel is characterized 
by the presence of correlated noise sources which oper- 
ate jointly on otherwise independently transmitted mes- 
sages {channel uses in jargon). Recently these communi- 
cation lines were put in correspondence with the physics 
of many-body quantum systems [1, H S] ) by representing 
their noise effects in terms of unitary couplings connect- 
ing the transmitted signals with a many-body correlated 
quantum environment. In particular, Ref. 0] pointed out 
the possibility of relating the capacity of CQ channels 
with environmental critical phenomena. In this paper 
we introduce an alternative approach to the representa- 
tion of CQ channels based on the teleportation represen- 
tation of the (memoryless) depolarizing channels given 
by Bowen and Bose [9'| and on its continuous variable 
generalization [lo| . This provides an alternative charac- 
terization of the noise correlations of the channel in terms 
of many-body correlation functions of the medium that 
is employed in the teleportation with respect to previ- 
ously analyzed models 0, Q S]- Furthermore the rep- 
resentation introduced here provides a relatively simple 
method for determining how reliable a CQ channel is to 
transmit quantum information by analyzing the entan- 
glement properties of the physical system which medi- 
ates the teleportation. We start presenting the model 
for finite dimensional system postponing the continuous 
variable generalization to the second part of the paper. 

Quhit CQ channels:- Consider n independent quan- 
tum teleportation events llj in which the entangled re- 
source initially shared by the communicating parties (Al- 
ice and Bob) is not the correct Bell state |4'o)®" = 
[(|00)-f |ll))/\/2]®" but a bipartite (not necessarily pure) 
2n-qubit state x^"^ - the bipartition being such that Alice 



FIG. 1: Part a): Alice transfers messages encoded into the 
input qubits X into the B part of the multi-particle medium 
x'"' (green box) by teleportation (i.e. performing Bell mea- 
surements on XA and communicating to Bob the local oper- 
ations he has to perform on B). Part b): both the input and 
output states are written in X while x'"' plays the role of an 
external (possibly) correlated environment - see Eq. ((8)1. In 
both scenarios the resulting mapping is given by Eq. ((T} . 



has access on the first n qubits A , while Bob on the sec- 
ond n qubits B. For n = I it has been shown [§] that the 
transferring of a generic qubit state p from Alice to Bob 
can be seen as the result of the depolarizing (or Pauli) 
channel A(^^(p) — ^k^^Phf^kP c^, where ak is the k-i\i 
Pauli operator, and where are the probabilities pk '■= 
Tr[Sfe x^"^] with Ek := |*fc)(*fe| = i^k ® ^)Eo{ak ® 1) 
being the projectors on the Bell basis j^'fe) - see Fig. [T] 
a). By the linearity this can be generalized to the n > 1 
case yielding 



(1) 



where now p is a generic input state of n qubits, and for 
k := (ki, fe, • • • , kn) one has (ik := (Jki (8) • • • (8) crk,^ and 



Tr[£;k X 
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with i?k := (8) • • • (8) E^^. Equation ([T]) describes a 
n-qubit correlated Pauli channel in which the rotations 
<Tk are randomly applied to the system according to the 
joint probability distribution of finding x*-"'' into the 
state l^fk) := |*fci) (8) • • • |^'fc„)- Perfect teleportation 
is obtained when x^"-* coincides with Ef": in this case 

p'k'' ~ ^kiO • • •'5fc„o and A^") becomes the identity chan- 
nel. Vice-versa total depolarization is obtained, for in- 
stance, by using the complete mixed state x^"^ = 1/2^" 
(here p^"^ = 1/2^" and A(")(p) = 1/2" for aU p). It is 
finally worth pointing out that the qubit CQ channels 
analyzed in Rcf. 7] are included as the special case of 
our teleportation model, where all the n shared couples 
of x^"^ have vanishing projections on the vectors |^'i,2)- 
Pauli channels form a convex set which is closed under 
the super-operator composition. Specifically concatenat- 



ing two Pauli maps A^"-* and A2"'' the result is still a 



(") 



Pauli channel A 



(") 



o A^"^ whose 

probabilities ([2]) are obtained by a double-stochastic con- 
volution of the previous ones (the order of the composi- 
tion being irrelevant). Vice- versa any Pauli channel Ag"^ 
obtained by transforming the probabilities of A^"^ via 
a double-stochastic transformation can be expressed as 



A*"' o Ai" 



(or A^"^ o A^"0 for 

some proper choice of 
Aj"''. Expressed in terms of the teleportation represen- 
tation ([T|) these properties translate into the following 



identities Xs"^ 



Al '{X2 ) or X3 = ^2 '{Xi ) 



(") 



both 



choices yield the same probabilities ([2]). 

CJ isomorphism:- The teleportation representation 
provides a many to one correspondence among 2n-qubit 
states x'^"'' and n-qubit correlated Pauli channels. In- 
deed, since the off-diagonal terms of the x''"''s in the Bell 
basis do not influence the resulting , we can associate 
more than one teleportation mediator for each A^") . The 
simplest choice is of course to use the Bell-diagonal state 
x'bd '■— SkPk'^-^k- Interestingly enough this also coin- 
cides with the Choi-Jamiolkowski (CJ) state of A^"^ [l^ . 
We remind that the latter is a bipartite state associated 
with A^"^ obtained by applying the channel on half of a 
maximally entangled state |^') of the system and of an 
extra ancillary system, i.e. (Af^"^ (g) /) (|5')(^'|) (here / is 
the identity super-operator on the ancilla). Its entropy 
and fidelity with j^*) coincide respectively with channel 
entropy and the entanglement fidelity Q of A^") 
that were used in Ref. to characterize the correlations 
of CQ channels. For the CQ channel of Eq. ([T]) we can 
take I*) :== |*o)®" yielding the following CJ state. 



(a(")®/) (i?®")=^p^")i?k 



(n) 



(3) 



as anticipated. In Ref. (ISj it is shown that a (memory- 
less) channel with a Bell-diagonal CJ state possesses an 
useful symmetry (i.e., covariance property wrt Pauli rota- 
tions) in such a way that having one use of that channel is 



both mathematically and physically equivalent to having 
one copy of its CJ state shared among the sender and the 
receiver of the message. Therefore, by following the re- 
sults of Ref. [1^ and similar arguments as in Ref. 0] , the 
quantum capacity [31 of any family C :— {A^") : n G N} 
of CQ channels ([T|) can be shown to obey the following 
inequality 



Q{C) < lim 



Diix 



(») x 
bd) 



(4) 



where, for each n, x^bd state ^ of A*^"), and Di 

is the number of e-bits we can extract from an asymptot- 
ically large number of copies of X^bd through one-way 
LOCC operations. As a matter of fact, the inequal- 
ity (ID) holds also if we replace x'bd with a generic x'""* 
that provides a teleportation representation ^ for the 
maps A*^"^ G C (this trivially follows by fact that the 
direct teleportation through x*^"' of e-bits is a special 
example of one-way distillation). In particular, this im- 
plies that Q = for £ admitting separable teleportation 
media x^"''- For forgetful channels ^ (i.e. for C hav- 
ing exponentially decreasing correlations, e.g. Markov 
or memoryless channels) the upper bound in Eq. ([4]) is 
tight. Thus, for these maps, by exploiting the hashing 
La, , we can write 



bound 



Q(£) = lim 



> 1 



lim 



SIx^bI) 



(5) 



with 5 (xp "n) = — J^uP'k^ log2Pk'^ being the channel en- 
tropy [Hi of A("). This expression can be further sim- 
plified when x'bd ^ maximally correlated state [l8| . 
In this case the inequality ([5]) saturates and reduces 
to Eq. (16) of Ref. [7] (see also Ref. [H). It is fi- 
nally worth pointing out that for all (non necessarily 
forgetful) CQ channels a upper bound 3 can be ob- 
tained in terms of the (regularized) coherent information 
J(p,A(")) := 5(A(«)(p))-5((A(")®/)(|*p)(*p|)) of the 
channel, i.e. 



Q{C) < lim max J(p, A("))/n , 



(6) 



(in this expression |^p) is a purification of p). 

Equivalence with other representations:- We now 
show how one can recast the channel ([T]) in terms of 
an interaction with a many-body environment as in 
Refs. H [3, i. To do so we introduce the unitary op- 
erator 



k 



Eu 



7=1 



(7) 



with Uj = . cTfcj ® Ei^j the transformation which ro- 
tates by cTkj the j-th qubit of the input {X system of 
part b) oi Fig. [T|) while projecting on the fcj-th Bell state 
the corresponding couples of sites of teleporting medium 



3 



-^(") system of the figure). 17'^"'^ is thus a product of 
identical transformations which act separately with each 
input qubit. The equivalence then simply follows by the 
identity 



A(") ip) = Tr AB [C/(") (p ® x^"^ ) [(^^"^ 



(8) 



where the partial trace is performed over the teleport- 
ing medium. In this representation x^"-* plays the role 
of the many-body environment of the channel. This ob- 
servation allows us to take advantage of the results of 
Ref. 0] to simplify the analysis of the quantum capac- 
ity of our teleportation representation. Specifically, Ple- 
nio and Virmani showed that the quantum capacity of 
the channel A*^"^ can be expressed as in the rhs term 
of Eq. ([5]) if the many-body environmental state x*"""* 
of Eq. ([5]) admits a decomposition in terms of transla- 
tionally invariant matrix product states (20| with finite 
bound dimensions. Equation ( pi) also shows that the 
weakly complementary channel [2l|, mapping the initial 
system state to the final environmental one, is given by 
A(")(p) = Tixp^'^'^ip (S> x^^^W^"^'']. By taking x^"^ 
in Bell diagonal form it is easy to show that one has 
A(")(p) = XbI for aU p. Therefore, the CQ channel A(") 
in ^ is always weak-degradable [Hj, i.e. T oA^") = A^") 
withT = A("). 

Examples:- We now analyze some examples of 
teleportation-induced CQ channels. 

First, we consider the situation in which Alice and 
Bob share n perfect Bell pairs I^Po)®" but they unfor- 
tunately loose the classical information about the or- 
der of the particles (or equivalently a sequence of ran- 
dom swaps has been applied to the qubits controlled 
by Alice). In this case the shared state between Al- 
ice and Bob, x^"\ becomes a 2ri-qubit mixture of all 
possible pairings. As found in [22], the one-way distil- 
lable entanglement of x^"'' is analytically calculated as 

assumed to be even). Replacing into Eq. ^ and exploit- 
ing the fact that Di is exponentially decreasing in n it is 
easy to find that, as expected, the quantum capacity of 
the associated process C is vanishing, i.e. Q ~ 0. 

As a second example, we consider the case in which the 
teleportation mediator x^"-* is obtained by applying (on 
Alice side) a sequence of unitary local transformations to 
n Bell states |5'o) which, as in the previous example, are 
initially shared among Alice and Bob. Specifically we as- 
sume that a quantum phase gate with a conditional phase 
shift 9 is applied on Alice's 1^* and 2"'' qubits, later the 
same gate is applied on her 2"'' and 3'"'' one, and so on 
and so forth for all n qubits. One can easily verify that 
the resulting state is a translationally invariant matrix 
product state [20| which is maximally correlated (i.e. it 
has vanishing projections on the vectors |5'i,2)). There- 
fore in this case the bound (O is tight. In particular, 
following fi\ , one can build an optimal code by partition- 
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FIG. 2: Quantum capacity Q{jC-) of the family £ of CQ chan- 
nels as a function of the phase shift 6/n for the quantum phase 
gate example (red diamond). For each value of O/ir, the val- 
ues of Q'"', i.e. 1 — S{x^gl,) /n, are shown for n — 10, ...,23 
from top to bottom (empty circles) . The ideal teleportation is 
recovered for 9 = 0, while Q = for 9/tt = 1 because x'"' be- 
comes separable. In the inset, the fast convergence (lim„^oo) 
of Q'"' vs. n is reported for 9/tt = 0.1, 0.9. Similar behaviors 
are found for all values 9/tt G [0, 1]. 



ing the channel's uses in blocks of live and spacer qubits 
(in our case it is sufficient to have spacer blocks of only 
two elements each). In Fig. [5] we report the quantum ca- 
pacity of this channel as a function of the phase shift 9/t: 
computed as in the rhs of Eq. (O . For 6 — one recovers 
the ideal teleportation with maximum quantum capacity, 
while for 6 = n the state x^""* becomes separable and Q 
is exactly null. 

CV systems:- We now generalize the teleportation 
representation of CQ channels to Continuous- Variable 
(CV) systems. Here we assume that Alice and Bob share 
a bipartite 2n-mode Bosonic state x'-"'' defined on an in- 
finite Hilbert space Ha ® Ti-B which is organized in n 
couples that are operated independently during a CV 
teleportation stage. By following the standard proto- 
col [23|, Alice performs the simultaneous quantum mea- 
surement of position and momentum for the input sys- 
tem in an arbitrary n-mode Bosonic state p (to be tele- 
ported to Bob) and her part of the bipartite system 



X 



(n) 



This is described by a projection on the simultane- 



ous eigenstate of position-difference and momentum-sum. 
Then Alice informs Bob of the measurement outcome and 
Bob applies a proper unitary transformation V{z) on his 
part of x*'"\ with V{z) being the multi-mode Weyl (dis- 
placement) operator (i.e., V{z) := exp[ii?z] with z := 
{xi,X2, • • • , Xm yi, 2/2, • • • , Un)^ being a column vector of 
and R {Qi,--- ,Q„;A,-- - ,Pn), where {Q^,Pi} 
are the canonical coordinates of n modes [l^]). Building 
up from the results of Ref. for the n = 1 case, the 
resulting channel can now be described as the following 



4 



generalized n-mode additive classical noise map [25j 

^ [ dz f^-^\z) V{z) p y(z)t , (9) 



(10) 



Tr[(Tk' (8)(Tk" X^""*] (assuming x^"'' to be the ground state 
of a many-body Hamiltonian H the latter can then be 



where f^^\z) is the probability distribution 

/(")(z)-Tr[i?(z) x'"^], 



with E{z) = [t® f (z)t] i;®" [1 ® V{z)], and E^being 
the (not normalized) CV version of the Bell state [lO|, i.e. 
the two-mode infinitely-squeezed vacuum state. Equa- 
tion pO)) generahzes Eq. ([2]) to the CV case. Here the 
CJ state becomes 

xS ^ I /'"'(^) E{z) ^ fdz E{z)x^-^E{z) , (11) 



which again can be used to replace x^"^ in the teleporta- 
tion representation of Following arguments similar 

to those used in the qubit case, the quantum capacity 
0(JP) of a family T := : n € N} can be bounded 

as in Eqs. Q, and again the inequality saturates for for- 
getful channels. In the CV case an upper bound for the 
distillable entanglement £)i(x''"-') is given by the loga- 
rithmic negativity Af, that is easily computable in terms 
of the symplectic eigenvalues of the Covariance Matrix 
(CM) of the CJ state In particular, let x^"^ be a 

2n-mode Gaussian state and Eq be the density operator 
of a two-mode (r oo)-squeezed vacuum state and 
its CM, i.e. jeq [ V r+ ] , where r± := [ ^ "t], 
a = i^cosh(2r), b± = ±i^sinh(r), v is the average photon 
number of the thermal state, and r is the squeezing pa- 
rameter, which tends to infinity to have a CV Bell state. 
Hence, since Ef" is 7^", we find 



-)2n 



/(")(z) 



exp[-l/2 m^(7|;-f7)-im] 
[Det(7|: + 7)]^/2 



(12) 



with 7 being the CM of x*^"-* (assumed for the sake of 
simplicity to have zero mean), and m := (0, z) being a 
real vector of dimension An. Then the logarithmic neg- 
ativity TV is given by Af = { '^.'^^^^^fj'^ < ' , with 
i'fc the symplectic eigenvalues of the partial transpose of 

the CM of xcj m. 

Conclusions.- We have presented a teleportation rep- 
resentation of correlated Pauli channels and their CV 
generalizations which establishes a formal connection be- 
tween CQ maps and the physics of many-body systems. 
Consequently, as in Refs. [a, S the CQ maps can 
now be studied in terms of the properties of the multi- 
qubit state x^"'' which mediates the teleportation. In 
particular, in the qubit case, by expanding the opera- 
tors Ek as a linear combination of the Pauli operators 
(e.g., Eq — X]fc=o ^fc ® ^fc ~ ® a2) the probabilities 
Pk that characterize the channel ([1]) can be expressed in 
terms of the 2n-point correlation functions of the form 



used to relate the correlations of 
system couplings). 



(«) 



to the physical 
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